We investigate time-dependent spectra of the intermittent resonance fluorescence of a single, laser-driven, three-level atom due to electron shelving. After a quasi-stationary state of the strong transition, a slow decay due to shelving leads to the steady state of the three-level system. The long-term stationary spectrum consists of a coherent peak, an incoherent Mollow-like structure, and a very narrow incoherent peak at the laser frequency. We find that in the ensemble average dynamics the narrow peak emerges during the slow decay regime, after the Mollow spectrum has stabilized, but well before an average dark time has passed. The coherent peak, being a steady state feature, is absent during the time evolution of the spectrum.
Introduction.-Electron shelving occurs in atoms when the stream of photons emitted by a laser-driven strong transition is interrupted by quantum jumps to metastable states; these jumps introduce finite dark periods, hence blinking, in the resonance fluorescence scattering. The blinking or intermittency of the fluorescence is a stationary random process whose statistics of bright and dark periods are well studied [1] [2] [3] [4] . Recently, it was shown to be possible to reverse the onset of a dark period [5] . The photon statistics [6] and phase-dependent fluctuations [7] of blinking resonance fluorescence have also been studied in some detail.
The atom's ensemble average resonance fluorescence shows signatures of shelving. The population of the excited state of the strong transition, for example, reaches a short term quasi-stationary state (typical of the two-level system) followed by a long decay to the final steady state at nearly the decay rate of the weak transition [4] . Stationary spectra of blinking resonance fluorescence have also been studied: Hegerfeldt and Plenio [8] and Garraway et al [9] found that for a bichromatically driven Vand Λ-type three-level atom (3LA) the spectrum consists of a delta-peaked coherent term, an incoherent Mollowlike spectrum [10] , and a novel feature given by a narrow inelastic peak. This narrow peak is the spectral signature of the slow decay of the atomic populations, caused by the presence of a slow decay channel that randomly interrupts the fluorescence of a strongly driven transition. The narrow peak was measured by Bühner and Tamm with a single 171 Yb + ion by heterodyne detection [11] . Evers and Keitel [12] then proved that the narrow peak grows at the expense of the coherent peak, as the difference between the intensity of the coherent peaks of a two-level atom (2LA) and a 3LA. * hcastro@uaem.mx Little attention has been paid to the spectrum of blinking resonance fluorescence as a dynamical observable. Only the spectrum during a single bright period, of variable length, has been considered so far [13] ; it was the Mollow spectrum, proving that the narrow peak is a feature of the random interruption of the fluorescence. One then asks how the narrow peak emerges if the dark periods are taken into account during the ensemble average measurement of the spectrum.
In this paper we investigate time-dependent spectra of a single three-level atom undergoing blinking resonance fluorescence, that is, including both bright and dark periods in the ensemble evolution. Our main result is that the narrow inelastic component due to electron shelving develops much later than the two-level Mollow spectrum, but before the average dark time has passed.
For this purpose we calculate the Eberly-Wódkiewicz (EW) physical spectrum [14] , which gives the most rigorous theoretical description for time-dependent spectra. In this model, the source field is scanned by a nonzero bandwidth filter prior to photodetection, handling properly the time-energy uncertainty that arises when both time and frequency are to be resolved. The EW spectrum has been applied to study nontrivial dynamics of optical systems, for example: the effects of switching-on [15] and switching-off the laser [16] , initial atomic coherence [17] , and coherent population trapping [18] in resonance fluorescence; spontaneous emission (the first prediction of the Rabi doublet) [19] , Dicke superradiance [20] and frequency-filtered photon correlations [21] in cavity QED. The EW spectrum has also been applied to the spontaneous emission in front of a moving mirror [22, 23] and two-atom entanglement [24] in QED.
Model.-Our system, depicted in Fig. 1 cays to a long-lived intermediate state |a at the rate γ d , and from this to the ground state at the rate γ a .
The Markovian master equation in the frame rotating at the laser frequency iṡ (1) where H = ∆ σ eg σ ge + Ω(σ eg + σ ge )/2 is the atom-laser Hamiltonian in the rotating wave approximation and
Because of the pure spontaneous emission decay, the incoherent nature of the |e − |a − |g channel decouples the equations for the coherences involving the |a state from those of the laser driven |e − |g transition [7, 12] . The Bloch equations of the effective two-level system can then be written in compact form as
Above,ṡ is the derivative of s with respect to time.
In general, the Bloch equations are solved numerically. However, accurate approximate analytical solutions in the resonant case, ∆ = 0, in the regime (9) were obtained by two of us in [7] . The populations and coherences show the typical short-term decay at the rate 3γ + /4 reminiscent of the 2LA dynamics and a long-term decay, at roughly γ a , that signals shelving in the metastable state |a [4] .
The solutions in the steady state are
where
and σ ge st = σ eg * st . This system features blinking, with long bright and dark periods in the fluorescence of the |e − |g transition due to electron shelving in the metastable state |a , if the decay rates obey the relation
A random telegraph model can be used to calculate the average length of the bright and dark periods [12, 25] . For this derivation the equation for the metastable state,
. During a bright period the state |a is never occupied, ρ aa (t) = 0. The average bright time T B is defined as T
−1 B
= (ρ aa ) t→∞ , where the limit means a time long enough for the two-level transition |g − |e to reach the steady state, so ρ ee (∞) → (ρ st ee ) 2LA . Thus, with q = 0 and γ + → γ in Eq. (7c), we have
Similarly, the average dark time T D is defined as T −1 D = (ρ aa ) t→∞ but, during a dark period ρ aa (t) = 1 and ρ ee (t) = 0, hence
The three-level scheme of Fig. 1 is a simplified theoretical representation of the complex energy level structure of an 171 Yb + ion under the driving configuration presented in [11] . In this paper the stationary spectrum of 171 Yb + was measured where, in order to reduce the dark periods in the ion's fluorescence, additional incoherent pumping from |a to a fourth level (not shown) with faster decay to |g was applied. Thus, γ d is considered an effective decay rate that includes such pumping. Stationary Power Spectrum.-The stationary WienerKhintchine power spectrum is given by the Fourier transform of the field autocorrelation function [26] ,
By writing the atomic operators as the sum of a mean, σ jk st , plus fluctuations,∆σ jk (t), that is, σ jk (t) = σ jk st +∆σ jk (t), we can separate the spectrum into a coherent part
due to elastic scattering, and an incoherent part
due to atomic fluctuations. For the strong transition of the V and Λ 3LA's, S inc (ω) consists of a spectrum nearly identical to the 2LA Mollow one (peaks of width of the order of γ, a single one in the weak driving limit and a triplet in the strong excitation regime [10] ) plus a narrow peak of nearly Lorentzian shape at the laser frequency due to the presence of electron shelving [8, 9] . Bühner and Tamm experimentally measured the narrow peak near the saturation regime by heterodyne detection [11] . Later, Evers and Keitel [12] studied the narrow peak in detail and found that it comes at the expense of the coherent peak of the 2LA spectrum. Noting in Eq. (13) that q > 0, the coherent peak of the 3LA is smaller than that of the 2LA. Writing (S coh ) N LA = I N LA δ(ω), for N = 2, 3, the relative intensity of the narrow inelastic peak is given by the difference in the size of the coherent peak of the two-and three-level atoms,
The narrow peak becomes smaller for increasing Rabi frequencies, but increasing detuning enhances the peak if the Rabi frequency is increased [12] ; this peak is the largest for a detuning ∆ 2 max = (q − 2)Ω 2 − 2γ 2 /8. The width of the narrow peak is accurately given by [8, 12] Γ np = T −1
An analytic formula for the full stationary spectrum on resonance in the regime (9) has been given in [7] . Time-Dependent Spectrum.-We calculate timedependent spectra (TDS) using the physical spectrum of Eberly and Wódkiewicz [14] S(D, t, Γ) = Γ 
where D = ω − ω l is the detuning of the laser frequency ω l from the filter's frequency ω, and Γ is the filter's bandwidth. Admittedly, the calculation of TDS is not a simple task, and more often than not a numerical solution is required. Some authors often wish to avoid the filter effects and resort to simpler, yet probably defective, approaches [14, 26] . The inclusion of the filter ensures that the time-energy uncertainty is properly accounted for in theoretical calculations. An additional benefit of filtering is that it can enhance important features and the signal to noise ratio in the measured TDS of weak signals.
For computation purposes it is convenient to rewrite the double integral in terms of integrals for t 2 and τ = t 1 − t 2 [15] ; making t 0 = 0 we have
To solve for the two-time correlations we apply the quantum regression formula [27] to Eq. (2) obtaining
which we solve numerically with initial condition u(t 2 , 0) = (0, σ ee (t 2 ), 0, σ ge (t 2 )) T . The number of parameters in our system makes it very difficult to obtain analytical expresions for the TDS. Figures 2-4 show our results for the TDS of our blinking system. Figure 2 displays the spectra in the excitation regime near saturation, Ω = γ + /4. A narrow peak develops for long times, γt 1, above a background given by the usual broad peak of width ∼ γ formed on a shorter time scale of several lifetimes, γ −1 . To better appreciate the different time scales for the appearance of the spectral components we show the TDS in the strong field regime, Ω = 3.5γ. In Fig. 3 , while the triplet is well developed for times γt ∼ 10 the narrow peak arises at about γt ∼ 20. As expected from the stationary spectrum, the narrow peak in the strong field regime is smaller than in the saturation regime [7, 12] . Hence, as suggested in [12] , some detuning notably enhances the narrow peak against the spectral background of the Mollow triplet, as shown in Fig. 4 . A slight asymmetry occurs in the detuned case that vanishes in the long time limit [15] ; in this case one of the sidebands is closer to the atomic resonance and is larger than the other [15] , while the asymmetry in the center of the spectrum gets smaller (see inset). More pronounced spectral asymmetries are found, for example, in detuned pulsed laser resonance fluorescence [28] .
It is important to note that while the narrow peak develops much later than the Mollow spectrum, it does actually emerge, if not stabilize, well before an average dark time T D has passed. The presence of dark periods in the fluorescence is felt soon in the ensemble's evolution: in some realizations of the ensemble the dark period may The other parameters as in Fig. 2 . The inset shows the diminishing asymmetry of the center of the spectrum for increasing time.
occur before the bright one. From Eqs. (10) and (11) it is seen that the average bright time depends on both laser and atomic parameters, while the average dark period depends only on the effective lifetime γ −1 a of the metastable state |a . In the TDS sequences of Figs. 2 -4 , γT D 67, and γT B 330, 42, and 48, respectively. They reveal the time scale of the dark and bright periods in the ensemble evolution.
We have to discuss also effects of the filter on the EW time-dependent spectrum. First, it could be argued that the observed narrow peak is the filter-broadened coherent spectral component. This is not the case because the delta peak is a steady state feature of the spectrum [26] ; it should not appear in a TDS, however long is the finite observation time. What we undoubtedly see is the incoherent narrow peak produced by random interruptions in the fluorescence of the strong transition |g − |e caused by the atom's excursions into the weak transition channel |e → |a → |g [8] . Moreover, the narrow peak grows at the expense of the coherent peak [12] : its intensity is the difference among the intensities of the coherent peak of the two-and three-level systems, Eq. (15) .
Another issue is the choice of filter bandwidth Γ. On one hand, it must be able to resolve the different spectral components, therefore Γ should be a fraction of the width, ∼ γ, of the Mollow spectral peaks. On the other, Γ cannot be infinitely small, as is assumed for the stationary spectrum [14] . The filter bandwidth in our plots, Γ = 0.1γ, was chosen to focus on the narrow peak: for Γ > Γ np the filter sets the observed width of the narrow peak.
The filter bandwidth also has dynamical consequences due to the time-energy uncertainty; the filter has to saturate in order to finish its transient effect and begin to produce stable spectra. This occurs after a time Γt > 1. Hence, a narrow filter Γ < γ causes a delay in the stabilization of the fast-forming Mollow-like spectrum [15] , while the narrow peak stabilizes soon since Γ < Γ np . The transient effects on a spectrum are therefore felt for very long times, as seen in the temporary reduction of the spectra of Figs. 3 and 4 . The different time scales due to atomic and filter parameters make it very difficult to fully assess the TDS analytically.
Finally, we have used a density-operator-based approach, for which the TDS is the statistical average of infinitely many realizations. However, while the individual records of bright and dark periods are buried in the ensemble average, the impact of the latter on the TDS is evident in the emergence of the incoherent narrow peak.
Conclusions.-We have investigated the timedependent spectrum of intermittent resonance fluorescence and found that the narrow incoherent peak due to electron shelving emerges and stabilizes much later than the Mollow spectrum. We trust that an experimental observation of blinking resonance fluorescence TDS is within reach. TDS of two-level atom resonance fluorescence have been observed [17] and measurements of shelving fluorescence have reached the accuracy required for applications such as precision measurements of fundamental constants and optical ion clocks [29, 30] . We think that even for nonergodic blinking such as that of quantum dots or molecules [31] , whose TDS have been studied in [32] , the Eberly-Wódkiewicz physical spectrum would be of great benefit. The observation and interpretation of TDS could help to describe the dynamics of other systems with separate time scales such as superand sub-radiance [33] and entanglement [24] in collective atomic dynamics.
